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ABSTRACT: We present experimental and theoretical results for the linear rheology of melts of entangled,
three-arm asymmetric polyisoprene stars. Asymmetric three-arm stars, in which two arms have the same
length and the third is shorter, cross over from starlike to linear-like stress relaxation as the length of
the third arm varies. We combine recent theories of stress relaxation in symmetric stars and in linear
melts to predict the dynamic modulus of the asymmetric stars. For stars with short arm molecular weights
of a few entanglement lengths, our theory underestimates the effective drag caused by the short arm,
even when polydispersity effects are included. This unexplained discrepancy does not appear in a recent
comparison of a related theory with measurements on polyisoprene H-polymers.

1. Introduction
Entangled polymer melts can display a wide range

of rheological behaviors depending on the molecular
architecture. Model polymers with well-defined archi-
tectures have been crucial to advancing our understand-
ing of polymer melt dynamics. Recently, the rheological
properties of both linear and star polymer melts have
been quite successfully described by tube models. In
these models, polymer chains are constrained to move
in a tube representing the entanglements with the other
chains in the melt.1 Linear polymers move principally
by reptation, in which they diffuse curvilinearly along
their confining tube.2,3 Reptation theory predicts that
the shear viscosity η0 scales with the molecular weight
M as M3, and that the shear relaxation modulus is
nearly single-exponential. The strict reptation theory
assumes that the tube diameter and the contour length
of the “primitive chain” representing the polymer re-
main constant throughout the stress relaxation. For
quantitative agreement with the experimental result η0
∼ M3.4, other stress relaxation mechanisms must be
included in the theory. These include contour-length
fluctuations and constraint-release effects, in which the
motion of surrounding chains allows transverse motion
of the tube.

These mechanisms are crucial for the dynamics of star
polymers. Symmetric star polymers can also be de-
scribed by a tube theory, but they cannot reptate
because of their central branch point. Instead, star
polymers renew their configurations and thus relax
stress by contour-length fluctuations of the arms. Ther-
mal fluctuations allow the star arms to retract some
distance down the confining tube toward the central
branch point and then to emerge again into the en-
tanglement network in a different configuration. Arm
retractions are not favored entropically, so that deep

retractions toward the center are exponentially unlikely.
This leads to a wide spectrum of relaxation times in the
shear relaxation modulus, with the terminal time and
zero-shear viscosity both depending exponentially on the
arm molecular weight Ma.

In star polymer melts, constraint-release effects are
also crucial for quantitative comparisons with experi-
ment. These effects are well-described by dynamic
dilution,4 in which the star arms in the melt see an
increasingly diluted entanglement network due to the
release of constraints as arms relax. A recent theory of
stress relaxation with dynamic dilution in star polymer
melts5 only depends on two parameters, the plateau
modulus GN

0 and a monomeric friction factor ú. These
parameters are obtainable from data on linear melts,
so in this sense the star theory is parameter free. The
theory has been found to be in quantitative agreement
with experiment for a wide range of star arm lengths.5,6

The theory for stars can also be applied to describe
contour-length fluctuations in linear polymers, by treat-
ing the linear chains as two-armed stars.7 Combined
with the usual Doi-Edwards relaxation modulus, the
theory correctly predicts a zero-shear viscosity η0 ∼ M3.4

and produces storage and loss moduli in good agreement
with experiment.

The success of these theories in describing the sim-
plest polymer architectures gives some hope that we
might now be able to understand the dynamics of melts
with more complicated architectures. Of particular
interest to industry would be an understanding of the
behavior of lightly branched polymer melts. As steps in
this direction, the theory has been recently extended to
successfully describe star-star8 and star-linear blends,9
as well as melts of H-shaped polymers,10 which have
two branch points per molecule, and melts of comb-
shaped polymers.11

Asymmetric star polymers, in which the arms do not
all have the same lengths, are another departure from
the simplest architectures of linear or symmetric star
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polymers. In this paper, we investigate the simplest
member of this class of polymers, namely three-arm
asymmetric stars in which two of the arms have the
same length and the third arm is shorter. We have seen
that linear and star polymers display quite different
rheological properties due to the different microscopic
mechanisms of motion involved, namely reptation in the
linear chains and arm retraction with dynamic dilution
in the stars. One might expect that asymmetric three-
arm stars, in which one arm is shorter than the other
two, can cross over between these two mechanisms as
the length of the third arm is varied.

For asymmetric stars, the short arm has a much
shorter terminal time than the long arms, due to the
exponential arm length dependence of the retraction
time. Thus, once all the short arms have fully retracted
to the branch points, they have relaxed all their stress
and are no longer effective at entangling with the
remaining unrelaxed portions of the long arms. The
asymmetric star then looks like a linear chain composed
of the two long arms, and the star can thus reptate. The
short arm can markedly increase the drag on the
remaining two arms as they reptate. As the short arm
length approaches that of the long arms, a smaller
fraction of the long arms is left to relax by reptation
after the short arm relaxation time, so that a larger
fraction of the entire star relaxes by arm retraction. We
thus expect the terminal times of the asymmetric stars
to lie between the terminal times for a symmetric star
and a linear polymer of the same arm length. The shape
of the relaxation modulus G(t) should also vary between
the two limits of linear-like and starlike behavior.

This crossover in the dynamics was in fact seen in a
study of a series of three-arm asymmetric stars of poly-
(ethylene-alt-propylene) (PEP) by Gell et al.12 In that
study, the two long arms on each star had approxi-
mately the same molecular weights Ml for the entire
series, whereas the third, shorter arm varied in molec-
ular weight from Ms ) 0 for the linear architecture up
to Ms ) Ml for the symmetric star. The relaxation
spectrum crossed over smoothly from the narrow spec-
trum of linear polymers to the broad spectrum of star
polymers as the third short arm length Ms varied.

Surprisingly, the crossover to starlike behavior oc-
curred for very short arms, by Ms ≈ 2.4Me (where Me is
the entanglement molecular weight). A similar rapid
crossover to starlike behavior was seen in the viscosity
and self-diffusion measurements for the series. How-
ever, the PEP measurements are not optimal for com-
parison with the theory for two reasons. First, the
molecular weight of the long arms in each star did vary
across the series. Second, although it was possible to
time-temperature superpose the data to create master
curves for each star in the series, the temperature
dependence of both the modulus and frequency shift
factors varied for each star. Oddly, the result was that
the onset of the Rouse regime in the loss modulus at
high frequencies (G′′(ω) ∼ ω1/2) occurred at different
frequencies for different samples, which leads to ambi-
guities in the theoretical fits to the data.

The only other study, to our knowledge, of the
dynamics of asymmetric stars was a study of tracer
diffusion of a series of deuterated polybutadiene (PBD)
asymmetric stars in a matrix of linear hydrogenated
PBD.13 In this case as well, the crossover to slow,
starlike dynamics occurred for asymmetric stars with
third arms as short as an entanglement length.

To further investigate the behavior of asymmetric
stars and to compare with theory, we synthesized a
series of three-arm asymmetric polyisoprene (PI) stars.
Time-temperature superposition is obeyed well in PI
stars. Also, PI has a low glass transition temperature,
so that the high frequency regime is experimentally
accessible even for large molecular weights. Finally, the
entanglement molecular weight of PI is sufficiently low,
on the order of Me ) 5000, to allow PI stars with a large
degree of entanglement to be synthesized with reason-
able molecular weights.

In section 2, we derive the tube model theory of stress
relaxation for asymmetric stars, as an extension of the
theories for relaxation in symmetric stars and for
relaxation with contour-length fluctuations in linear
melts. In section 3, we describe the synthesis, charac-
terization, and rheology measurements of the PI stars.
We compare the theoretical predictions with the mea-
surements and discuss the results in the context of
previous work on H-shaped polymers in section 4, and
then conclude in section 5. Technical details of the
calculations may be found in the appendices.

2. Tube Model Theory

In this section, we calculate the dynamic shear
modulus G*(ω) for a melt of asymmetric stars. The star
arms are constrained by a tube of diameter a, which is
related to the entanglement length Ne by a2 ) 4Neb2/5
(b is the statistical segment length). The modulus
consists of contributions from the various types of
motion undergone by the asymmetric star on different
time scales. Because the relaxation time of a star arm
is exponential in the length of the arm, the time scales
involved are widely separated. We thus consider a
hierarchy of time scales for the stress relaxation.

(i) At very early times, before the Rouse time of an
entanglement segment τe, all the star arms undergo free
Rouse motion.

(ii) After a time τe, the star arms “notice” that they
are confined in tubes, and are no longer able to make
transverse motions. Instead, the star arms renew
configurations and relax stress by thermal fluctuations
which allow them to retract along their tubes some
distance and then poke out again into the melt in some
new configuration. This regime is described by the
theory for symmetric stars,5 which gives the time τ(s)
for a star arm to retract a fractional distance s (0 e s e
1) from the free end of its tube. The entanglement
network dynamically dilutes as the arms retract and
release constraints on other arms. The long arms retract
more slowly than the short arms, so there are two arm
retraction times, τl(sl) for retractions a fractional dis-
tance sl along a long arm, and τs(ss) for retractions a
fractional distance ss along the short arm.

(iii) The short arm will have fully retracted when ss

) 1, at time τs
/ ≡ τs(ss ) 1). At this time, the short arms

have completely relaxed and are thus no longer effective
at entangling with the long arms.

(iv) After τs
/, the long arms continue to retract, in a

still-diluting entanglement network which no longer
includes any contribution from the short arms.

(v) Eventually, the remaining two long arms will be
able to relax stress more quickly by reptation than by
arm retraction. The third short arm acts as extra drag
on the effective linear chain formed by the two long
arms. Thus, the “backbone” consisting of the two long
arms will relax by reptation after the retraction time
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of the long arms becomes equal to the reptation time τd
of the backbone:

This equation defines the quantity sd, which is the
fractional distance the long arms have retracted down
their tubes at time τd. After this time, the rest of the
stars relax by reptation.

We begin by outlining the calculation of the arm
retraction times from the theory for symmetric stars5

(details are given in Appendix A). There are two regimes
in the retraction of an arm. For sufficiently large
displacements s down the tube, the retraction is en-
tropically unfavorable, since the star arm must form
unentangled loops inside the tube or emerging from its
sides in order to retract. Pearson and Helfand calculated
the free energy cost for arm retraction in a fixed network
to be U(s) ) ν(Na/Ne)s2 (in units of kBT), where ν ) 15/
8.14 For large Na/Ne the barrier is many times kBT, so
arm retraction is an activated process and τ(s) ∼
exp[U(s)]. The exponential dependence of τ(s) on s2 and
on Na/Ne leads to a broad range of relaxation times along
the star arm. In a melt of stars, this means that on a
time scale τ(s), segments a distance s′ < s from the free
end have long since relaxed and are no longer effective
at entangling with segments at s. The fraction of the
star arms which are unrelaxed at time τ(s) thus see an
entanglement network which has been diluted by the
removal of the faster-moving, relaxed arm segments.
The entanglement length at τ(s) depends on the volume
fraction of unrelaxed segments Φ(s) ) 1 - s as

A scaling argument of Colby and Rubinstein15 as well
as experiments on the concentration of the plateau
modulus in Θ solutions imply that R ) 4/3, which we
use here. The dynamic dilution of the arms in the melt
leads to a renormalization of the potential U(s) for arm
retraction to a new effective potential Ueff(s), which is
the solution to a differential equation given by Ball and
McLeish:4

For asymmetric stars, the effective potential Ueff(s)
for activated arm retractions is different for long and
short arms. Applying the Ball-McLeish eq 3 for the
retraction time of an arm with ni ) Ni/Ne entanglement
segments, we find

where si is the fractional distance retracted down the
tube of arm i. The unrelaxed volume fraction of chains
Φ at time τi(si) is

where φs (φl) is the overall volume fraction of short (long)
arms. We see immediately from eq 4 that the short and
long arms retract at different rates. We can eliminate
all dependence on the different arm lengths in eq 4 by

making a change of variables to y ) nisi
2.8 Rewriting

eq 4 we have

which now holds for both arms. Thus, it takes the same
amount of time for either a long or a short arm to retract
from y ) 0 to a given value of y. We can now write Φ as
a function of the single variable y, noting that y ) ns
when the short arm has fully retracted to ss ) 1:

The change of variables from the coordinates ss and sl
along the tubes to y allows us to calculate the effective
potentials for the short and long arms by solving eq 6
for τ(y), using eq 7.

The activated retraction time τa(s) for an arm to
retract a distance s in its effective potential Ueff is then
τa(s) ∝ exp[Ueff(s)]. The prefactor can be calculated
quantitatively by solving a first-passage time problem.
The general result is5

where L is the contour length and Deff is the effective
curvilinear diffusion constant of the retracting arm in
its tube. The contour length for an arm of length Na is
L ) Nab2/a ) 5/4(Na/Ne)a. In ref 5, it was argued that
the effective diffusion constant for arm retraction should
be twice the Rouse diffusion constant, Deff ) 2DR )
2kBT/(Naú), where ú is the monomeric friction factor.5
The full expressions for the arm retraction times τa,i(s)
in the activated regime are given in Appendix A. They
depend explicitly on both the lengths and on the volume
fractions of the short and long arms. Essentially, in the
limit where the third arm is quite short, the long arms
are mostly immobile while the short arm is retracting
so that it mostly sees a fixed entanglement network with
only a small amount of dilution. As the third arm
becomes longer, more of the entanglement network
dilutes while it retracts, due both to retractions of the
other short arms and to more extensive retractions of
the long arms. Thus, the nature of the entanglement
network during the arm retractions depends explicitly
on the volume fractions of the long and short arms.

For very early times, the entropic barrier to retraction
is less than kBT, Ueff < kBT. Then the effective potential
is unimportant, and the arm free end diffuses freely by
Rouse motion in the tube. The mean-square displace-
ment of any monomer on a Rouse chain in a tube,
including the free end, scales as s2 ∼ t1/2. On inversion
this gives the relaxation time τearly(s) in the small s or
early time regime:5

where τe ) úNe
2b2/(3π2kBT) is the Rouse time of an

entanglement segment of length Ne and the prefactor
in eq 9 is fixed by an explicit Rouse calculation. Both
long and short arms will exhibit the same short time
fluctuations near their free ends. Complete arm retrac-
tion times, over the entire range of arm retraction, are

d(ln τ)
dy

) νΦR )
dUeff(y)

dy
(6)

Φ(y) ) {φs(1 - xy/ns) + φl(1 - xy/nl), y < ns

φl(1 - xy/nl), y > ns
(7)

τa(s) ) (L2/Deff) ∫0

s
ds′ exp[Ueff(s′)] ∫-∞

s′
ds′′

exp[-Ueff(s′′)] (8)

τearly(s) ) (225π3/256)τes
4(N/Ne)

4, (9)

τl(sd) ≡ τd (1)

Ne(Φ) ) Ne/Φ
R, Ne(s) ) Ne/(1 - s)R (2)

d
ds

ln τ(s) ) ∂U
∂s

(s; Ne(s)) ≡ dUeff

ds
(s) (3)

d(ln τi)
dsi

) 2νnisiΦ
R (4)

Φ ) {φs(1 - ss) + φl(1 - sl), ss < 1, τ < τs
/

φl(1 - sl), τ > τs
/ (5)
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constructed by combining the activated (eqs A14 and
A15) and early time results (eq 9) for each arm using a
crossover function:6

Next we need to calculate the reptation time τd of the
two long arms. The short arm can be thought of as
causing extra drag by decreasing the curvilinear diffu-
sion constant of the “linear” backbone formed by the two
long arms. The branch point of the star can only make
a diffusive hop along the tube of the backbone about
once every short arm retraction time τs

/, when the
short arm has retracted all the way to the branch point
and is unentangled. Each time the short arm is re-
tracted, the branch point is free to move a distance of
about a tube diameter. One might expect the branch
point to hop a distance of order the dilated tube
diameter; however, a recent comparison of the theory
with self-diffusion data on symmetric star melts indi-
cates that the branch point only hops a distance of order
the undiluted tube diameter given by a2 ) (4/5)Neb2.16

We will consider both possibilities here.
Thus, the effective curvilinear diffusion constant of

the branch point along the tube of the backbone can be
written as

where ah is equal to either the undiluted tube diameter
a or the dilated tube diameter ad. The mean hopping
distance of the branch point after a time τs

/ could be
some fraction of a tube diameter, so in eq 11 the branch
point is assumed to hop a distance pah, where we expect
p to be a (dimensionless) constant of order unity. The
total drag on the reptating backbone is found by adding
the effective drag caused by the short arm to the drag
from the monomeric friction along the backbone. Since
the drag is inversely proportional to the diffusion
constant, the net curvilinear diffusion constant of the
long arms is

where Dc ) kBT/2Nlú is the Rouse diffusion constant.
The short arm retraction time τs

/ depends exponen-
tially on ns, so the effective drag caused by the short
arm can be quite large, in general much larger than the
Rouse drag. Thus, for most values of ns, the second term
in eq 12 will be negligible compared to the first.

The reptation time is the time it takes the stars to
diffuse the curvilinear length of the linear backbone.
Only a fraction 1 - sd of the long arms are still
unrelaxed at time τd ) τl(sd) when they start to execute
reptation. The contour length of the reptating portion
of the long arms is thus Leff(1 - sd), where Leff is the
effective contour length of the backbone (of length 2nl).
The reptation time is then7

Since the short arms have fully relaxed long before
τd, one might expect the backbone to reptate in a dilated

tube, formed only by entanglements with the other long
arms. In this case, the backbone reptates in a tube of
diameter ad given by ad

2 ) (4/5)Neb2/φl
R ) a2/φl

R and thus
consists of entanglement segments of length Ne/φl

R.
Substituting Leff/aeff ) (5/4)(2nl)/φl

R in eq 13 and using
eqs 11 and 12, we have for the reptation (disentangle-
ment) time in a dilated tube:

where the first form assumes the branch point hops in
a “skinny tube” of diameter a, and the second assumes
that it hops in a dilated tube. On the other hand, if both
the branch point hops and the backbone reptation occur
in an undilated skinny tube of diameter a, there is no
explicit dependence on φl in τd:

In all three expressions for τd, the factor of 1 in the
parentheses is the Rouse contribution to the drag. The
second term in parentheses is the effect of the extra drag
due to the third arm. Together with eq 1, eq 14 (or eq
15) defines the reptation time and gives an implicit
equation for sd.

We can now calculate the dynamic modulus using the
expressions for the various time scales involved. The
portion of the stress relaxing due to the arm retractions
is found generally from summing the contributions
relaxing at each time τ:

The concentration dependence of the modulus is G(Φ)
) GN

0 Φ1+R, where GN
0 is the plateau modulus. Summing

the contributions of the long and short arms, changing
variables in the integration from τ to s, and taking the
Fourier transform of eq 16, we have

where the gi are constants defined in Appendix A, and
sl
/ is the fractional distance the long arms have re-

tracted at the short arm retraction time, defined by
τl(sl

/) ) τs
/. After the reptation time, the backbone

relaxes with the Doi-Edwards spectrum,3 with the
modification that only a fraction G[Φ(sd)]/GN

0 ) [φl(1 -
sd)]1+R of the stress remains to be relaxed:7

τi(si) )
τearly(si) exp[Ueff,i(si)]

1 + exp[Ueff,i(si)]τearly(si)/τa,i(si)
(10)

Db )
(pah)2

2τ/s

(11)

1/Deff ) 1/Db + 1/Dc (12)

τd )
Leff

2(1 - sd)
2

π2Deff

(13)

τd,d )

{15
4

(2nl)
3τe(1 - sd)

2
φl

R(1 + 5
6π2p22nl

τs
/

τe), ah ) a

15
4

(2nl)
3τe(1 - sd)

2
φl

R(1 + 5
6π2p22nl

τs
/
φ1

R

τe ), ah ) ad

(14)

τd ) 15
4

(2nl)
3τe(1 - sd)

2 (1 + 5
6π2p22nl

τs
/

τe) (15)

G(t) ) - ∫0

τd dτ∂G
∂Φ

∂Φ
∂τ

e-t/τ (16)

Gretract
/ (ω) )

GN
0 (1 + R)[φs∫0

1
dss(1 - gsss)

R iωτs(ss)

1 + iωτs(ss)
+

φl ∫0
sl
/

dsl(1 - glsl)
R iωτl(sl)

1 + iωτl(sl)
+

φl
R+1 ∫sl

/

sd dsl(1 - sl)
R iωτl(sl)

1 + iωτl(sl)] (17)
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Finally, we include the stress relaxation due to Rouse
modes at short times, following ref 7. The Rouse stress
relaxation function is

where τR ) (N/Ne)2τe is the Rouse relaxation time.
Equation 19 is essentially independent of chain length
for t < τR. Furthermore, for times less than the Rouse
time of an entanglement segment τe, all segments in the
star execute free Rouse motion so eq 19 holds for the
entire star. On time scales longer than τe, the arms
notice that they are confined to tubes and only longi-
tudinal Rouse modes are possible. We include these by
multiplying the low-frequency contribution (with modes
1 e p e N/Ne) of eq 19 by 1/3. Weighting the results by
the volume fractions of the short and long arms we have

where

The full modulus for the asymmetric star is the
summation of the contributions from arm retractions,
reptation, and the early time Rouse modes:

The dynamic modulus depends on two parameters,
the plateau modulus GN

0 and the monomeric friction
factor ú through τe. The entanglement molecular weight
is related to GN

0 by GN
0 ) FRT/Me, where F is the density

of the polymer melt. There is also a third unknown
(possibly universal?) parameter in the theory that is
particular to branched polymers, namely the dimen-
sionless factor p in eq 11 for the effective diffusion
constant of the branch point.

3. Experiments
Synthesis. A series of polyisoprene star samples was

synthesized in which two of the arms had an approximately
constant weight (105 000 g mol-1) and the third arm varied
in molecular weight from 0 (i.e., a linear material) to about
105 000 g mol-1 (i.e., a symmetric star). The samples will be
referred to as ss105 for the symmetric star, as l210 for the
linear material, and as as47, as37, as17, and as11 for the
asymmetric stars with short arm molecular weights of ap-
proximately 47 000, 37 000, 17 000, and 11 000 g/mol, respec-
tively.

All the polymer samples were prepared using well-estab-
lished anionic techniques17 under high vacuum conditions. All
polymerizations were carried out in degassed n-hexane, which
had been purified by stirring over sodium/potassium alloy for
24 h followed by distillation from n-butyllithium. Isoprene

monomer was purified by stirring over dibutylmagnesium for
24 h prior to distillation to the reaction vessel. The chosen
initiator, s-butyllithium (s-BuLi), was distilled under high
vacuum in a short path length apparatus and diluted with
n-hexane. Quantities of solution were then measured into
ampules equipped with dome-type break-seals via a vacuum
buret apparatus. The concentration of the dilute solution was
determined by titration. Methyl trichlorosilane (MeSiCl3), used
to link three arms together to form stars, was purified by
distillation directly into ampules such that each contained
approximately 1 mL.

Polybutadienyllithium was prepared in n-hexane using
s-BuLi as initiator, the reaction being allowed to proceed for
24 h to ensure complete polymerization. Living polymer
destined to form the short arm was reacted with the contents
of an MeSiCl3 ampule, which were added to the solution with
good agitation. A nearly 100-fold molar excess of MeSiCl3 in
relation to the chain ends present was employed to ensure that
there was a minimal possibility of more than one living chain
end becoming attached to any silicon atom. After stirring at
ambient temperature for 24-48 h, the majority of the unre-
acted chlorosilane was removed by vacuum distillation. Final
traces of MeSiCl3 were removed by redissolving the polymer
in fresh n-hexane and redistilling under vacuum, a process
that was repeated to ensure that no linking reagent remained.
Once redissolved in n-hexane, a sample of the functionalized
arms was isolated in a small subsidiary vessel equipped with
a greaseless stopcock for GPC analysis.

The polybutadienyllithium intended to form the two long
arms of a star was synthesized in a separate vessel, again in
n-hexane at ambient temperature. The quantity of these arms
employed was in a small excess over the necessary stoichiom-
etry, such that upon addition to the functionalized short arms
only three-armed star and long arms remained at the end of
the reaction, thus making for easier purification by fraction-
ation. The vessels containing the living long arms and the
functionalized short arms were then linked via short attach-
ments equipped with dome-type break-seals, one of which had
a Quickfit socket for attachment to the vacuum line enabling
evacuation of the center section. A schematic representation
of a typical setup is shown in Figure 1.

Once joined, the center section was evacuated and the
reactors removed from the vacuum line by sealing the con-
striction; both break-seals were broken and the contents of the
two reactors mixed well by pouring back and forth between
the vessels. The mixture was then stirred at ambient temper-
ature for 5-7 days after which any remaining living arms were
terminated via the addition of degassed methanol. Polymer
was recovered by precipitation in methanol to which a small
quantity of antioxidant had been added. Small samples of each
polymer were then taken for GPC analysis. Typical GPC
results from such an asymmetric star synthesis are illustrated
in Figure 2.

To complete the series two more samples were prepared, a
symmetric star and a linear polymer with a molecular weight
twice that of the long arms used throughout the series, i.e., a
“two-armed” star. The symmetric star was produced by linking
a batch of living arms with a slightly less than stoichiometric
quantity of MeSiCl3, while the “two-armed” linear material was
synthesized by terminating a batch of linear polyisoprene of
the appropriate molecular weight.

The crude star polymers were purified by repeated frac-
tionation from a toluene/methanol solvent/nonsolvent system.
In most cases 2-3 fractionations were sufficient to yield a
product, which when analyzed via GPC revealed no more than
1% remaining low molecular weight material by integrated
peak areas. Selected GPC data collected during fractionation
is shown in Figure 3.

Molecular weights of the arms were measured by GPC. The
molecular weight of the assembled stars were likewise mea-
sured by GPC and in several cases by light scattering (LS)
using a triple-detector GPC analysis and dn/dc values from
the literature for linear 1,4-PI. The results are tabulated in
Table 1. LS determines the chain mass from the amplitude of
forward scattering and is thus insensitive to chain architec-

Greptate
/ (ω) ) GN

0 [φl(1 - sd)]
1+R ∑

p odd

8

π2p2

iωτd

p2 + iωτd
(18)

GRouse(t) ) GN
0 (Ne/N) ∑

p)1

N

exp[-p2t/τR] (19)

GRouse
/ (ω) ) φsGRouse

/ (ω, Ns) + φlGRouse
/ (ω, Nl) (20)

GRouse
/ (ω, Ni) )

GN
0

3ni
∑
p)1

ni iωτeni
2/p2

1 + iωτeni
2/p2

+

GN
0

ni
∑

p)ni+1

Ni iωτeni
2/p2

1 + iωτeni
2/p2

(21)

G*(ω) ) Gretract
/ (ω) + Greptate

/ (ω) + GRouse
/ (ω) (22)
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ture. In contrast, GPC essentially provides a measure of the
hydrodynamic size of the polymers, as chains of larger coil
dimension avoid small nooks and crannies in the GPC col-
umn and thus pass through more quickly. Molecular weights
are calibrated by comparison to a reference polymer of
linear architecture. Roughly speaking, branched polymers
have smaller coil dimensions that linear chains of the same
mass; thus branched polymers pass through a GPC column
more slowly, and are assigned a spuriously low mass. The
results in column 4 of Table 1 have not been corrected for this
effect.

Simple calculations (assuming ideal random-walk dimen-
sions) suggest that for asymmetric three-arm stars, the so-
called “g factor” (ratio of square radius of gyration to that of a
linear chain of equal mass) is g(r) ) (8 + r3 + 6r(1 + r))/(2 +
r)3, where r is the ratio of short arm mass to long arm mass.
For symmetric three-arm stars, g ) 7/9 ) 0.78; for highly
asymmetric stars, g ≈ (1 - 3r/4). If we assume the ratio of
square hydrodynamic radii is similar to the ratio of Rg

2, then
the naively inferred star masses from GPC in Table 1 should

be multiplied by 1/g(r). Making this correction would increase
the value of the star masses inferred by GPC to 215K, 218K,
275K, 244K, and 346K, which are reasonably consistent with
the sum of the arm masses measured by GPC (225K, 251K,
253K, 270K, and 312K; see colunm 5 of Table 1). These values
are also consistent with the available results for star mass
measured by LS, with the exception of the symmetric star for
which the LS value is clearly too low relative to the GPC
results.

As we shall see below, the extreme sensitivity of the rheo-
logical results to the arm lengths provides a strong check of
values of these molecular weights, and in the case of the
symmetric star, it compels us to adjust slightly the arm length
we assume.

The microstructure of the polymers was established using
1H NMR analysis,18 employing the relative integrals of the
peaks present at 1.69, 1.65, 1.74, 4.81, and 5.24 ppm. Values
were, as expected, nearly constant throughout the series with

Figure 1. Typical asymmetric star reactor configuration.

Figure 2. GPC analyses of samples taken during the course
of the synthesis of the asymmetric polyisoprene star sample
as11.

Figure 3. GPC analysis of the asymmetric star as11 after
three sequential fractionations.
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78-80% cis-1,4, 15-17% trans-1,4, 4-6% 3,4, and negligible
1,2. The characterization results are given in Table 1.

Rheology. Linear rheological spectra were obtained in
oscillatory shear between parallel plates. Data from two
machines, a Rheometrics RDA II and RDS, were combined.
Samples were first formed into 25 mm diameter disks with
typical thicknesses of between 0.5 and 1.5 mm. Temperatures
from -60 to +120 °C were used to cover an effective frequency
range 10-4-107 rad s-1 at 25 °C by time-temperature super-
position. All strains were measured to be in the range of linear
response. In all cases the terminal zone was reached. Repeated
measurements after runs at the highest temperatures did not
detect any significant degradation. Carrying out the rheology
under a nitrogen atmosphere and in the presence of added
antioxidant helped to ensure sample stability.

Data sets collected at different temperatures were time-
temperature superposed to 25 °C by manually shifting each
data set, plotting the resultant values of log aT against T - T0

and fitting a curve of the form

to the points in order to derive C1 and C2. The fit gave the
WLF factors C1 ) 5.0 and C2 ) 140, which were applied to
rheology data collected for all the polymers in the series.
Previous work on linear polyisoprene obtained similar values
of C1 ) 4.1 and C2 ) 122.19

4. Results and Discussion
The rheology data for the entire series for G′(ω) and

G′′(ω) at a reference temperature of 25 °C is shown in
Figures 4 and 5. The entire range of viscoelastic
behavior is represented in the data, except for the
terminal region in G′(ω) for some of the samples. The
data from all the samples overlap in the high-frequency
Rouse regime, which is independent of architecture and
molecular weight. As expected, the linear polymer has
the shortest terminal time and the symmetric star
polymer the longest, with the terminal times of the
asymmetric stars falling in between in order of the short
arm molecular weight. We note that the loss modulus
of all the asymmetric stars has the broad shape char-
acteristic of star polymers; even sample as11, with a
short arm consisting of a couple of entanglement
lengths, has a spectrum that looks more like that of a
star polymer than that of a linear polymer.

As discussed in section 2, the theory depends on only
two independent parameters: the Rouse time of an

entanglement segment τe, and the plateau modulus GN
0

(or the entanglement molecular weight Me). These
parameters can be obtained by fitting the data either
for the symmetric star or for the linear chain to the

Table 1. Molecular Characterization

star mol wt
architecture
and expected
arm mol wt
(kg mol-1)

long arm
mol wt by
(1) GPC
(2) LS

(g mol-1)

short arm
mol wt by
(1) GPC
(2) LS

(g mol-1)

(1) GPCa

(2) LS
(g mol-1)

(1) corrected
GPC

(2) sum of
arm weights

star
polydispersity

by GPC

% microstructure
by 1H NMR
(1) cis-1,4

(2) trans-1,4
(3) 3,4

linear 210 N/A N/A (1) 212 000 N/A 1.02
(2) 224 000

asymmetric star (1) 107 000 (1) 11 500 (1) 201 000 (1) 215 000 1.02 (1) 78.2
105-105-11 (2) 215 000 (2) 225 000 (2) 15.8

(3) 6.0
asymmetric star (1) 116 000 (1) 19 000 (1) 197 000 (1) 218 000 1.01

105-105-17 (2) 251 000
asymmetric star (1) 107 000 (1) 39 000 (1) 230 000 (1) 275 000 1.01 (1) 80.2

105-105-37 (2) 253 000 (2) 15.0
(3) 4.8

asymmetric star (1) 117 000 (1) 36 500 (1) 207 000 (1) 244 000 1.02
105-105-47 (2) 110 000 (2) 40 000 (2) 270 000

symmetric star (1) 104 000 N/A (1) 269 000 (1) 346 000 1.01
105-105-105 (2) 261 000 (2) 312 000

a Raw star molecular weights calculated using identical calibration factors to those employed for linear samples; see text for discussion.

Figure 4. Overlayed storage modulus plots obtained from
linear, asymmetric and symmetric polyisoprene star samples.
Samples l210 (circles), as11 (open squares), as17 (diamonds),
as37 (crosses), as47 (pluses), and ss105 (open triangles). The
inset shows the terminal region in more detail.

Figure 5. Overlayed loss modulus plots obtained from linear,
asymmetric and symmetric polyisoprene star samples. Samples
l210 (circles), as11 (open squares), as17 (diamonds), as37
(crosses), as47 (pluses), and ss105 (open triangles). The inset
shows the terminal region in more detail.

log at )
-C1(T - T0)
C2 + T - T0
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appropriate versions of the theory, noting that the
values should be comparable to values from the litera-
ture for 1,4-PI. Other than the dimensionless constant
p in eq 11, this then allows us to do a parameter-free
fit to the asymmetric star data.

We thus first fit the data for the symmetric star and
the linear chain. The value of τe can be found unam-
biguously by requiring that the theoretically predicted
curves overlap the data in the high-frequency Rouse
regime (adjusted by shifting the theory curve along the
frequency axis). The value of the plateau modulus is
extracted by ensuring that the theory overlays the data
in the vertical direction. The entanglement molecular
weight is then given by Me ) FRT/GN

0 . Using this
procedure, we find that the best fit parameters are

where we have used F ) 0.9 g/cm3 for 1,4-PI,20 in
calculating Me from GN

0 . With this value of Me, the
length of the linear chain is nlin ) Mlin/Me ) 24.6 (where
nlin is the length of one “arm” of the linear chain, i.e.,
half the linear chain length, and we use the light
scattering value of Mlin ) 224 K which should be more
accurate than the GPC value). We find that this value
gives an excellent fit to the data. As we see from Table
1, the GPC measurement of the symmetric star arms
is not consistent with the light scattering value for the
total star molecular weight. We find the best fit to the
data at about n ) 20.5, which corresponds to a star arm
molecular weight of Ma ) nMe ) 93.3 K. This gives a
total star molecular weight of M ) 279 K, which lies
between the light scattering and GPC values. The fits
using these parameters are shown in Figure 6. The fit
for the symmetric star data is excellent, as is the fit for
the loss modulus of the linear chains. The fit for the
storage modulus of the linear species is good except in
the terminal region, where the data displays a small
shoulder before reaching the terminal behavior of G′(ω)
∼ ω2.

The parameter values obtained from the fits are
reasonably consistent with literature values for 1,4-PI.
From ref 20, for 1,4-polyisoprene at 298 K the entangle-
ment molecular weight is 5097 g/mol and GN

0 ) 0.35
MPa. We can also estimate τe from literature values.
Again from ref 20, at 298 K the chain end-to-end radius

squared per chain mass is 〈R2〉/M ) 0.596 Å2 mol/g. With
a monomer mass of M0 ) 68 g/mol, this gives b )

xM0〈R2〉/M ) 6.37 Å. From Ferry, the monomeric
friction factor ú at 298 K is log ú ) -6.41 in cgs units,21

so τe ) úNe
2b2/(3π2kBT) ) 7.29 × 10-6 s.

Using the values in eq 23 for the parameters, we can
now fit the asymmetric star samples. We use the
measured values for the arm molecular weights, using
light scattering values where available and the GPC
values otherwise, and keep the entanglement molecular
weight fixed at Me ) 4551 g/mol. We note that this is a
different procedure than that used in ref 10 to fit theory
to the shear modulus of H-polymers. In the case of an
H-polymer, there are two distinct relaxation times
visible in the data (particularly in G′′(ω)) due to the
relaxation of first the arms and then the crossbars. Since
the theory is quite sensitive to the lengths of the arms,
these distinguishing features in the rheology allow one
to fit the lengths of the arms and crossbars separately
and then compare to the measured molecular weights;
this procedure allows for small discrepancies between
GN

0 and Me, or for small uncertainties in the molecular
weight determinations. This protocol was also used in
previous studies of symmetric star polymers.6 The
asymmetric star data, by contrast, does not have distinct
features due to relaxations of the short arms vs those
of the longer arms. Thus, we are not able to make
separate fits of ns and nl, and must instead rely upon
the experimentally measured values.

We recall from section 2 that there are three pos-
sibilities for the dynamics of the branch point and the
reptation. We consider each of these in turn. First we
consider the slowest possible dynamics, namely that the
branch point hops in a “skinny” tube and that the
backbone likewise reptates in this skinny tube, of
diameter a, with reptation time τd given by eq 15. With
these assumptions, we would expect the theory to
overpredict the terminal times, since dynamic dilution
implies that the backbones should reptate in dilated
tubes instead. Figure 7 shows the theoretical predictions
for G*(ω) for the asymmetric stars, with the unknown
constant in the branch point diffusion (eq 11) set to p )
1. The high-frequency end of the spectrum remains the
same for all the stars because the Rouse modes are not
dependent on molecular weight or architecture. We see
the values of τe and GN

0 found in eq 23 from the linear
and symmetric star samples are quite good for the
asymmetric stars as well. As expected, the theory
overpredicts the terminal times for samples as47 and
as37. Surprisingly, however, the theory slightly under-
predicts the terminal time for as17 and underpredicts
it by quite a bit for sample as11.

We next try the more reasonable assumption that the
backbone reptates in a dilated tube, with the branch
point hopping in a skinny tube as was suggested by the
results of ref 16. Employing eq 14 with ah ) a in
calculating G*(ω) and again setting p ) 1 leads to the
prediction shown in Figure 8. The theory now gives a
rather good fit to the data for samples as47 and as37.
However, for the two samples with the shortest third
arms, samples as17 and as11, the predicted terminal
time is considerably shorter than the measured one.
Furthermore, the predicted loss moduli for samples as11
and as17 show a distinct reptation peak, whereas the
data show broad, starlike shoulders in the loss moduli.
We note that the short arms throughout the series are
well-entangled, with the shortest arm with a molecular

Figure 6. Data and theoretical predictions of G′(ω) (dia-
monds) and G′′(ω) (circles) for the symmetric star (open
symbols) and the linear chain (filled symbols).

τe ) 8.9 × 10-6 s

GN
0 ) 0.49 MPa, Me ) 4551 g/mol (23)
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weight of 11.5 kg/mol consisting of about 2.5 entangle-
ment molecular weights.

Finally, Figure 9 shows the results for both backbone
reptation and branch point hopping in dilated tubes,
with p ) 1. Since these assumptions speed the relax-
ation even further, the theory now slightly underpre-
dicts the terminal times for samples as47 and as37,
while further worsening the fit for samples as17 and
as11.

These results are quite puzzling, as we now show. The
theories for the symmetric star and the linear chain fit
the data quite well and have been shown to successfully
describe rheology data in other polymer systems. There
are only two new elements in the theory for the
asymmetric stars. The first is the calculation of the arm
retraction times, incorporating dynamic dilution, in a
melt of arms of varying lengths. Similar calculations
were carried out in studies of star-star blends8 and
were found to agree well with experiment. Furthermore,
the success of the physical picture of dynamic dilution
in describing the arm relaxation makes it unlikely that
this is the source of the discrepancies.

The second new element in the theory is the calcula-
tion of the diffusion constant of the branch point and
the corresponding drag caused by the short arm on the
reptating long arms. A recent study of 1,4-PI H-
polymers also used eq 11 to describe the diffusion of the
branch points, and it was found that the theory pre-
dicted a smaller terminal time than was measured in
this case as well.10 However, adjusting the value of p2

to p2 ) 1/6 gives a good fit to the rheology data, when
combined with corrections for polydispersity (see be-
low).22 A value of p2 somewhat less than unity is

physically reasonable, as the branch point may not
make a full hop every arm retraction time. We thus
repeat our calculations and adjust p2 to fit the data.
Since the results of Figure 7 for dynamics in skinny
tubes overpredict the terminal time for samples as47
and as37, we no longer consider this case, although we
note that we require a value of about p2 ) 1/30 to fit the
as11 data. Figure 10 shows the results of adjusting p
for reptation in dilated tubes with hops in skinny tubes;
as47 and as37 are best fit with p2 ) 1 as shown before
in Figure 8, whereas the other two samples are best fit
with p2 ) 1/7 and p2 ) 1/40 for as17 and as11, respec-
tively. Figure 11 likewise shows the results for reptation
and hops in dilated tubes, which were the assumed
dynamics in fitting the H-polymers of ref 10. Here we
require values of about p2 ) 1/4, 1/4, 1/20, and 1/60, for
samples as47, as37, as17, and as11, respectively. Thus,
the value of p2 required to fit the data is dependent on
the length of the short arm. Also, for the samples with
the longest short arms, we cannot get excellent fits
simultaneously to both G′ and G′′ and have settled for
a compromise value. Nevertheless, the theory now gives
reasonably good fits to the entire series of stars, includ-
ing the shapes of the spectra as well as the terminal
times. The values of p2 used for the stars with inter-
mediate-length short arms are similar to those needed
to fit H-polymers, whereas the small values of p2 for
the stars with short third arms indicate that these arms
are causing an anomalously large amount of drag.

The question is thus what is the missing piece of
physics that leads to the extra drag caused by the short
arms. One possibility is that there is something peculiar
about polyisoprene stars. However, comparisons of the

Figure 7. Reptation and hops in skinny tubes: Data and theoretical predictions of G′(ω) (diamonds) and G′′(ω) (open circles) for
the asymmetric stars with p2 ) 1: (a) as47, (b) as37, (c) as17, and (d) as11.
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theory with p ) 1 to the data on PEP stars of Gell et
al.12 display similar discrepancies, although the imple-
mentation of the fits is more ambiguous in that case
due to uncertainties in the value of τe and in the arm
molecular weights. Nevertheless, it is clear that the
theory predicts a much shorter terminal time than is
measured for PEP as well, even for an asymmetric star
with a short arm that is slightly less than an entangle-
ment length. Even smaller factors of p2, in the range of
p2 ) 1/50 to p2 on the order of a few hundredths, appear
necessary to bring the theory into agreement with the
data. Furthermore, the theory and experiment are in
good agreement for PI H-polymers with p2 ) 1/6,10 so it
is unlikely that chemistry is playing a role in the
discrepancy found here.

This large discrepancy between theory and experi-
ment for samples as17 and as11 is most likely not due
to errors in the arm molecular weight determinations.
For example, to obtain the correct terminal time with
p2 ) 1/6 for sample as11, with a short arm length of Ms
) 11 500 g/mol corresponding to ns ) Ms/Me ) 2.5,
requires an increase of ns by a factor of 1.6 to ns ) 4,
for reptation in a dilated tube and hops in skinny tubes.
For hops in dilated tubes, we need ns ) 4.5, correspond-
ing to Ms ) 20 500 g/mol, to fit the data for as11. It is
unlikely that the measured molecular weight is wrong
by this amount.

Since it seems for the asymmetric PI stars that theory
and experiment only disagree for the stars with quite
short third arms, consisting of about 2.5 and 4 entangle-
ment lengths, one may reasonably ask whether the
theory is valid for such short arms. In particular, the
validity of dynamic dilution depends on a separation of

relaxation times along the star arm, which does not hold
for sufficiently short arms. However, studies of sym-
metric star polymers found the theory in excellent
agreement with data down to M/Me ≈ 3.6 The theory
works well for an H-polymer with arms of length M/Me
) 5.210 and for a comb polymer with arms of length
M/Me ) 6.3.11 Furthermore, we find we need an anoma-
lously small value of p2 to fit all of the asymmetric PEP
stars studied by Gell et al., including one with short arm
length Ms/Me ≈ 9.8.

One possible source of the discrepancy is polydisper-
sity in the arm lengths. Polydispersity was identified
to be important in the rheology of H-shaped polymers,10

whose relaxation is very similar to that of the asym-
metric polymers described here. In the H-polymers, the
dangling arms relax by arm retraction with dynamic
dilution as described in section 2. The backbone of the
H-polymer remains immobile until after the dangling
arms have relaxed; the two branch points in the H-
polymer can make diffusive hops each time an arm
retracts fully to the branch point, analogously to the
situation for the asymmetric stars. At long times the
backbone relaxes by contour-length fluctuations and
finally by reptation, dragging the dangling arms with
it. The theory describing the H-polymer relaxation is
thus very similar to that for the asymmetric stars, with
appropriate modifications for the presence of two branch
points.10 The authors of ref 10 argued that even the
small amounts of polydispersity present in anionically
synthesized samples is enough to significantly modify
the relaxation spectra for H-polymers and found that
inclusion of polydispersity effects led to reasonable fits
to data on a series of 1,4-PI H-polymers.

Figure 8. Reptation in dilated tubes, hops in skinny tubes: Data and theoretical predictions of G′(ω) (diamonds) and G′′(ω)
(open circles) for the asymmetric stars with p2 ) 1: (a) as47, (b) as37, (c) as17, and (d) as11.
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We have reconsidered the treatment of polydispersity
effects in both asymmetric stars and H-polymers. The
results differ in detail from those of ref 10, so we present
them here. We begin by reviewing the effects of poly-
dispersity in more simple situations. First consider
dilute, polydisperse, symmetric stars in a fixed network.
In this situation, each relaxing star arm is independent
of the others and there is no dynamic dilution. The
terminal time for each star arm is simply given by the
Pearson-Helfand potential for arm retraction in a fixed
network, τ(s) ∼ exp[U(s)] ) exp[νns2], where n ) Ma/
Me. The terminal time for the entire system will thus
be the relaxation time of the longest arm, τmax ) τ(s )
1) ∼ exp(νnmax). The situation is quite different in a

melt. Ball and McLeish showed that in a polydisperse
symmetric star melt, the terminal time is given by the
relaxation time of an arm with the weight-averaged
molecular weight Mw:4

where nj ) Mw/Me. This result, known as motional
narrowing, is an effect of dynamic dilution. The presence
of the longer arms slows the relaxation of the shorter
ones compared to their relaxation time in a monodis-
perse melt, and the shorter arms speed the relaxation
of the longer arms by diluting the network more quickly
than a monodisperse melt of long arms would. Thus,

Figure 9. Reptation in dilated tubes, hops in dilated tubes: Data and theoretical predictions of G′(ω) (diamonds) and G′′(ω)
(open circles) for the asymmetric stars with p2 ) 1: (a) as47, (b) as37, (c) as17, and (d) as11.

Figure 10. Reptation in dilated tubes, hops in skinny tubes: Data and theoretical predictions of G′(ω) (diamonds) and G′′(ω)
(open circles) for the asymmetric stars with (a) as17, p2 ) 1/7 (b) as11, p2 ) 1/40.

τmax ) τ(s ) 1) ∝ exp(νnj/3) (24)
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the spectrum of relaxation times in a polydisperse melt
is more narrow than the range of relaxation times of
the equivalent monodisperse systems.

In calculating the stress relaxation in asymmetric
stars or H-polymers, we would like to know how
polydispersity affects the average relaxation time of an
arm, since we expect the effective diffusion constant of
the branch points to depend on the average arm retrac-
tion time. We show in Appendix B that for a unimodal
melt of arms, a small amount of polydispersity always
reduces the average arm relaxation time below the
relaxation time of an arm with the mean length (i.e.,
below the terminal time).

Polydispersity effects are important in H-polymers
because the backbone of the H-polymer is immobile
during the relaxation of the arms. This reduces the
amount of motional narrowing that can occur, since the
arm relaxation is occurring in an entanglement network
that is partially fixed. In this case polydispersity in the
arms leads to a longer mean arm relaxation time than
the relaxation time of an arm with the mean length,
since longer arms take longer to relax in a fixed
network. A similar effect could occur in the asymmetric
stars, especially when the third arm is short. In this
case, the portions of the long arms which have not
relaxed by the short arm retraction time τs

/ also form
an immobile volume fraction of the entanglement net-
work.

In Appendix B, we calculate the mean arm relaxation
time for a volume fraction φa of mobile, polydisperse
arms, immersed in an immobile volume fraction φb ) 1
- φa. The calculation uses the Ball-McLeish equation
(eq 3) to find the log relaxation time ln τ(n) of an arm

of length n, with R ) 1 for simplicity. The number-
average of the arm relaxation time is then

where φ(n) is the mass distribution of arms. The
polydispersity is characterized by Mw/Mn ) 1 + ε where
ε is small for anionically synthesized polymers. Assum-
ing that φ(n) is Gaussian, φ(n) ) exp[-(n - nj)2/2∆2]/
(x2π∆) with ε ) ∆2/nj2, we find to leading order in ε
that

The first exponential reflects the motional narrowing
due to the dynamic dilution of the arms by themselves,
whereas the second exponential reflects the contribution
from the fixed part of the network, with volume fraction
φb. We see that small amounts of polydispersity lead to
longer average relaxation times for arms in a partially
fixed network. Equation 26 is an upper bound on 〈τ〉,
since some factors of order unity that have been left out,
as well as the second-order corrections, decrease the
value of 〈τ〉 in eq 26.

The first question to ask is how significant the
correction to the arm relaxation time is for the samples
of interest. From eq 26, small amounts of polydispersity
will increase the average arm relaxation time (above
the relaxation time of an arm of mean length) by a factor
of exp[ν2φb

2nj2ε/2]. For the H-polymers, the immobile
volume fraction is simply the backbone volume fraction
φb ) nb/(4na + nb), where na and nb are the molecular

Figure 11. Reptation and hops in dilated tubes: Data and theoretical predictions of G′(ω) (diamonds) and G′′(ω) (open circles)
for the asymmetric stars with (a) as47, p2 ) 1/4, (b) as37, p2 ) 1/4, (c) as17, p2 ) 1/20, and (d) as11, p2 ) 1/60.

〈τ〉 ) ∫0

∞
dn

φ(n)
n

elnτ(n)/∫0

∞
dn φ(n)/n (25)

〈τ〉 ≈ exp[νφanj/3] exp[νφbnj + ν2
φb

2nj2
ε/2] (26)
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weights of the arms and backbone, respectively, in units
of Me. The values of na, nb, and the polydispersity of the
arms εa are tabulated in Table 2 of ref 10 for the four
samples studied. Using these values, we find the in-
creases in 〈τ〉 shown in Table 2. The increases are signi-
ficant for all the H-polymers except sample H110B20A.

The immobile volume fraction in the asymmetric star
polymers can be estimated as the volume fraction of the
long arms which remain unrelaxed at the short arm
relaxation time. This is simply φb ) (1 - sl

/)φl, where sl
/

is found from equating the long arm relaxation time
with the short arm relaxation time, τl1(sl

/) ) τs(ss ) 1)
) τs

/. The polydispersities of the short star arms can be
found from Table 1, which tabulates Mw/Mn ) 1 + ε.
The resulting increases in τs

/ due to polydispersity are
also shown in Table 2. We see that the small amounts
of polydispersity present have a negligible effect on the
short arm relaxation times for all of the asymmetric
stars studied. This is because either (1) the short arms
are quite short, so that the exponential dependence of
τs
/ on nj2ε is weak, or (2) when the short arms are

longer, large portions of the long arms relax while the
short arms are relaxing, so that the overall immobile
volume fraction φb is small. Thus, polydispersity does
not lead to any noticeable increase in the relaxation
times of the asymmetric stars, and cannot reduce the
large drag (small p2) which must be assumed to fit the
data.

We can, however, calculate the effects of arm poly-
dispersity on the spectra of the H-polymers with a few
approximations. We have recalculated the theoretical
predictions for G*(ω) for the H-polymers studied in ref
10. Since the best-case scenario for the asymmetric stars
(i.e., that with the largest values of p2 required to the
fit the data) is the one in which the branch point hops
in a “skinny” tube, we calculate the H-polymer moduli
assuming that the branch points hop in undilated
skinny tubes, rather than in dilated tubes as was
assumed in ref 10. Thus, we use eq 11 with ah ) a
(divided by two to account for the two arms at each
branch point) in place of eq 32 in ref 10. The early time
contour-length fluctuations of the backbone and the
reptation time are thus both reduced by a factor of φb

R

compared to eqs 34 and 42 of ref 10, due to the branch
points hopping in skinny tubes. We also use the full
Doi-Edwards spectrum for the reptation of the back-
bone, rather than a single contribution due to relaxation
at τd.

The effects of polydispersity in the arms on the
spectra are calculated approximately in Appendix B.
They can be written as an additive correction δG(t) to
the loss modulus due to small polydispersity. The full
modulus is then taken to be the modulus calculated in
ref 10 (with the changes discussed above) plus the
correction from eq B52 below, using the correction to
the mean arm relaxation time given by eq 26 through-

out. Using the same values of na, nb, GN
0 , and τe as ref

10, and using the calculated values of the polydispersity
in the arms εa, we find that we can fit the first three
samples with a common value of p2 ) 1/6. Figure 12
shows the data from ref 10 along with the predicted
moduli for two cases: 1) p ) 1 and no polydispersity
corrections, and 2) p2 ) 1/6 with polydispersity correc-
tions. Polydispersity leads to almost no correction for
sample H110B20A, so we did not include any polydis-
persity effects in Figure 12a.

The theory shows similar discrepancies to the case
found for the asymmetric stars when p2 ) 1 and
polydispersity effects are not included. We see that the

Table 2. Increases in Relaxation Times Due to
Polydispersity

sample exp[ν2φb
2nj2ε/2]

H110B20A 1.2
H160B40A 3.5
H110B52A 1.6
H200B65A 3.6
as47 1.3
as37 1.3
as17 1.4
as11 1.2

Figure 12. Data from ref 10 and theoretical predictions of
G′(ω) (diamonds) and G′′(ω) (open circles) for three H polymer
samples: (a) H110B20A; (b) H160B40A; (c) H110B52A. The
dashed curves are the present theory of section 4 with p ) 1
and no polydispersity corrections, while the solid curves are
for p2 ) 1/6 with polydispersity corrections as outlined in the
text (the polydispersity corrections in part a are negligible).
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theory correctly predicts the terminal times for all three
samples when p2 ) 1/6 and polydispersity is included.
The shape of the spectra for sample H110B20A are also
well-fit by the theory, with no polydispersity corrections.
The shape of the calculated spectra for the other two
samples display more variation than the data, particu-
larly for sample H160B40A which had the largest
polydispersity correction. This may be due to the ap-
proximations used in calculating δG(t). We found that
we could also fit the data for samples H160B40A and
H110B52A without including any effects of polydisper-
sity, by decreasing the value of p2 to 1/15 and 1/12,
respectively. However, for this case the shapes of the
spectra remain essentially the same as those shown in
Figure 12, parts b and c.

Thus, small amounts of polydispersity in the arms are
sufficient to give agreement between theory and data
for 1,4-PI H polymers, with a physically reasonable
value of the parameter p which is independent of the
polymer molecular weight. However, polydispersity has
a negligible effect on the spectra of the asymmetric star
polymers studied here.

One final possibility for the source of the discrepancy
concerns the calculation of the activated arm retraction
time. The arm relaxation time given by eq 8 was
calculated from the first-passage time of the arm free
end to a point s. The calculation in effect only considered
the longest Rouse mode of the arm. A recent solution
to the first passage time problem for the full range of
Rouse modes of a retracting star arm in a fixed network
indicates that τa(s) may be too large in eq 8 by a factor
of n ) N/Ne.23 This may help with the present discrep-
ancy as follows. We fit the value of Ne based on the
linear and symmetric star polymers, which have roughly
the same molecular weights as the long arms of the
asymmetric stars. If our calculated relaxation times
τa(s) are actually too long, then we would have used a
value of N/Ne that was too small and thus a value of Ne
that was somewhat too large. The resulting values for
the short arm lengths, ns ) Ns/Ne, would be correspond-
ingly too short, leading to the prediction of terminal
times that are shorter than measured. This effect would
become more pronounced as ns grew shorter, which
would explain the molecular weight dependence of our
fitted values for p2. We note that this effect would be
most pronounced in asymmetric stars. Further inves-
tigation of the connection between the first passage time
and the stress relaxation is thus warranted, especially
for short star arms.

5. Conclusions

We have presented data on the linear rheology of a
well-defined series of 1,4-PI asymmetric stars, covering
the full range of relaxation mechanisms in these sys-
tems. The data show a crossover in terminal times from
the symmetric star limit toward the linear chain limit
as the length of the short arm decreases, although all
the star terminal times are significantly longer than
that for the linear chain. Furthermore, the shapes of
the spectra are more starlike than linear-like for all the
asymmetric stars studied.

We have also extended previous successful theories
for stress relaxation in symmetric stars and in linear
polymers to calculate G*(ω) for the asymmetric stars.
There is essentially only one unknown parameter in the
theory for the asymmetric stars, the fraction p of a tube
diameter that the branch point hops each short arm

retraction time. All other parameters can be found from
the properties of the linear polymer. We find good
agreement between theory and experiment for two of
the asymmetric stars (those with the longer sidearms
most nearly approaching half the molecular weight of
the linear molecule), using physically reasonable values
of p2 ) 1 or p2 ≈ 1/4, depending on the assumed dynamics
of the branch point hopping. However, we find that for
the two samples with the shortest third arms it is
necessary to assume very low values of p2, such that
the short arm of the asymmetric stars causes an
unusually large amount of drag on the backbone con-
sisting of the two long arms, to bring the theory into
agreement with the data. This situation also holds true
for comparisons of the theory with the data on asym-
metric PEP stars of Gell et al.12 In that case, one of the
stars had a short arm that consisted of less than an
entanglement length, yet this was still sufficient to slow
the terminal time markedly compared to that of a linear
chain with the same “arm” length.

Our result is all the more puzzling because a similar
problem does not appear to occur in 1,4-PI H-polymers,
which are similar to the asymmetric stars in many
respects. An analysis of the possible effects of polydis-
persity shows that a small amount of polydispersity in
the arms does lead to longer terminal times in the
H-polymers, but for the molecular weight ranges studied
here polydispersity has a negligible effect on the dy-
namics of the asymmetric star polymers. Thus, the
theory is in agreement with the data for the H-polymers,
using a physically reasonable value for the amount of
drag caused by the dangling arms and including poly-
dispersity effects, but does not fit all of the asymmetric
star data.

It seems that there must be some physical mechanism
that occurs in three-arm asymmetric stars but not in
other polymer systems previously investigated with
these types of tube model theories (symmetric stars,
H-polymers, star-star blends, star-linear blends, and
combs). One possibility is that we need to rethink the
calculation of the activated arm retraction times. An-
other is that we are missing some physics that has to
do with the motion of the branch point. We note that it
is still unclear whether the branch point should be
thought of as hopping in a dilated or in an undilated
tube. Further experiments would be helpful in elucidat-
ing the apparent discrepancies. The ideal situation
would be to use the same batch of long arms to
synthesize a series of asymmetric stars with varying
short arm lengths, spanning the critical range of about
3Ne - 10Ne. An understanding of this anomalously slow
dynamics of the branch point in asymmetric star melts
will be important to furthering our ability to model and
understand branched polymer melts.
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Appendix A: Arm Retraction Times

Here we calculate in detail the activated arm retrac-
tion times τa,i(s), starting from the general Ball-
McLeish equation, eq 6:
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We consider the two different time regimes in the
activated (Ueff > kBT) arm retraction separately. Thus,
we define τa,s to be the retraction time for the short
arms, τa,l1 to be the retraction time for the long arms
before the short arm retraction time τs

/, and τa,l2 to be
the long arm retraction time after τs

/. Substituting for
Φ from eq 7, eq A1 becomes for y < ns, corresponding to
ss < 1,

where we have used φs + φl ) 1. Integrating eq A2 gives
the effective potential for y < ns

where

and we have set Ueff (y ) 0) ) 0. The effective potential
can be rewritten in terms of the fractional distances
retracted on each arm, si ) xy/ni, to give

with gs ) φs + φlxns/nl for the short arm and

with gl ) φsxnl/ns + φl for the long arms. After the
short arm has retracted, y > ns, the Ball-McLeish
equation becomes

Integrating eq A7 and changing variables back to s, the
effective potential for the long arms after the short arm
has retracted is then

The integration constant c is determined by requiring
continuity at y ) nlsl

2 ) ns in the effective potential for
the long arms

As mentioned in section 2, the time τa(s) for an arm to

retract a distance s in its effective potential is calcu-
lated explicitly in ref 5 by solving a first-passage time
problem for the prefactor. We repeat the general result
here:

Deff is the effective curvilinear diffusion constant of the
retracting arm. When the effective potential Ueff(s) has
a finite slope for all s, the activated retraction time is
well approximated by eq 19 from ref 5:24

However, if U′eff becomes sufficiently small, this ap-
proximation is no longer accurate. This is the case for
asymmetric stars as we approach the symmetric star
limit; when the length of the short arm is close to that
of the long arms, the derivative of Ueff becomes small
near s ) 1 and so τa(s) from the above expression begins
to diverge. We thus need a better approximation to eq
A10 near s ) 1. The inner integral is well approximated
by [2π/U′′eff(0)]1/2.5 First consider the short and long arm
effective potentials before the short arm retraction time
(y < ns), eqs A5 and A6. We expand Ueff,i(s) in the outer
integrand in eq A10 near si ) 1, obtaining

Integrating, we find near si ) 1

We can combine this result with eq A11 into a crossover
function, following ref 5, to obtain an expression for the
activated retraction time for all si:

where i ) s, l1 refers to either the short arms or the
long arms before the short arm retraction time.

The effective potential Ueff,l2 for the long arms at late
times, when y > ns, is simply proportional to that for a
symmetric star: Ueff,l2(s) ) φl

RUeff,star(s) + c. The acti-
vated arm retraction time in this regime is thus given
by eq 28 from ref 5 with appropriate factors of φl:5,6

d(ln τ)
dy

) νΦR ≡ dUeff(y)
dy

(A1)

d(ln τ)
dy

) ν[φs(1 - x y
ns

) + φl (1 - x y
nl

)]R

)

ν[1 - ( φs

xns

+
φl

xnl
)xy]R

)
dUeff

dy
(A2)

Ueff(y) ) 2ν
1 - (1 - gxy)R+1 [1 + (1 + R)gxy]

g2(1 + R)(2 + R)
(A3)

g )
φs

xns

+
φl

xnl

(A4)

Ueff,s(ss) ) 2νns

1 - (1 - gsss)
R+1 [1 + (1 + R)gsss]

gs
2(1 + R)(2 + R)

(A5)

Ueff,l1(s) ) 2νnl

1 - (1 - glsl)
R+1 [1 + (1 + R)glsl]

gl
2(1 + R)(2 + R)

(A6)

d(ln τ)
dy

) νφl
R (1 - x y

nl
)R

)
dUl2,eff(y)

dy
(A7)

Ueff,l2(s) ) 2νnlφl
R1 - (1 - s)R+1 [1 + (1 + R)s]

(1 + R)(2 + R)
+ c
(A8)

Ueff,l1(sl ) xns/nl) ) Ueff,l2 (sl ) xns/nl) (A9)

τa(s) ) (L2/Deff) ∫0

s
ds′ exp[Ueff(s′)] ∫-∞

s′
ds′′

exp[-Ueff(s′′)] (A10)

τa(s) ≈ L2

Deff

exp[Ueff(s)]

U′eff(s) ( 2π
U′′eff(0))1/2

(A11)

Ueff,i(si) ≈ Ueff(1) -
15ni

4gi
2

(1 - gisi)
1+R

1 + R
(A12)

τa,i(si) ≈ L2

Deff,i
exp[Ueff,i(si)]

( 2π
U′′eff,i(0))1/2 (1 + R)-R/(1+R)

gi (15ni

4gi
2 )-1/1+R

Γ( 1
1 + R)
(A13)

τa,i(si) ) τeni
3/2(2π5

15 )1/2

exp[Ueff,i(si)]

si [(1 - gisi)
2R + 1

gi
2 (( gi

2

2νni
)(1 + R))2R/(R+1)

Γ( 1
R+1)-2]1/2

(A14)
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The activated retraction time τa,s for the short arm and
the times τa,l1 and τa,l2 for the long arms are combined
with the early time result τearly(s) into crossover func-
tions as given in eq 10 in section 2.

The use of eqs A14 and A15 to calculate the activated
arm retraction times with a quantitative calculation of
the prefactor has introduced some errors in the cor-
respondence of the retraction times of the short arms
with those of the long arms. At the level of the Ball-
McLeish equation, all three effective potentials are
equal by construction when the short arm has fully
retracted at ss ) 1:

However, due to the prefactors in the expressions for
the τa,i, the three activated retraction times are not
equal at equal values of y, i.e., at ss ) 1 and sl ) xns/nl:

The use of the full relaxation times (including the
activated and early time fluctuations) τs and τl as
defined by eq 10 exacerbate this problem. We partially
adjust for this discrepancy in the calculation of the
stress relaxation function G*(ω) in eq 17, by changing
(in τl) from the first expression for the activated
relaxation time of the long arms τa,l1 to the second
expression τa,l2 at a value of sl ) sl

/ found by solving for
the distance the long arms have actually retracted at
the short arm retraction time:

Thus, the full expression for the long arm relaxation
time is

We could have chosen instead to switch expressions at
sl ) xns/nl, where the effective potentials are equal.
However, the results for the total retraction time of the
long arms, over the entire range of long arm relaxation
from sl ) 0 to sl ) sd, are nearly identical for these two
cases. In either case, the introduced errors are small,
since the retraction times are dominated by their
exponential dependence on Ueff.

Appendix B: Polydispersity Corrections
We are interested in calculating the effect of polydis-

persity on the relaxation time of some fraction of

dangling arms in an entangled polymer melt (asym-
metric stars, H-polymers, etc.). For simplicity, we do this
at the level of the Ball-McLeish eq 3 for the relaxation
times in a diluting network of arms, with R ) 1. Let s
be the fractional distance retracted from the free end
of an arm. For monodisperse arms, the relaxation time
τ is then simply

where the entanglement length Ne(Φ) ) Ne/Φ, and for
a melt of monodisperse arms the entangled volume
fraction is Φ(s) ) 1 - s. The constant ν ) 15/8. For
polydisperse arms, we can change variables in eq B1 to
remove the dependence on arm length, to y )
(Na/Ne)s2, so that

1. Melt of Arms. We begin in this first section with
a melt of just arms, and later we consider the case in
which some fraction of the melt is immobile. In a
polydisperse melt of star arms, the unrelaxed volume
fraction Φ can be expressed as an integral over the mass
distribution φ(n)

where n ) Na/Ne and (1 - xy/n) gives a factor of 1 - s
for each arm. Substituting into eq B2 we have

The terminal time for the mixture of polydisperse
arms is the longest time, τ(∞):

where we reversed the order of integration in the first
line and nj is the mass-averaged length of the arms. This
result coincides with that of Ball and McLeish.4

Next we would like to calculate a mean logarithmic
relaxation time for the distribution of arms:

where τ(n) ) τ(y ) n) is the relaxation time of an arm
of length n (the time for the arm to retract fully to s )
1). We rewrite eq B4 and reverse the order of integra-
tion:

τa,l2(sl) ) τe ( nl

φl
R)3/2 (2π5

15 )1/2

exp[Ueff,l2(sl)]

sl[(1 - sl)
2R + ([1/(2νφl

Rnl)][1 + R])2R/(R+1) Γ ( 1
R + 1)-2]1/2

(A15)

Ueff,s(ss ) 1) ) Ueff,l1 (sl ) xns/nl) )

Ueff,l2 (sl ) xns/nl)

τa,s(ss ) 1) * τa,l1 (sl ) xns/nl) * τa,l2 (sl ) xns/nl)

τl1(sl
/) ) τs

/ ) τs(ss ) 1) (A16)

τl(s) )

{tl1(s) )
τearly(sl) exp[Ueff,l1(sl)]

1 + exp[Ueff,l1(sl)]τearly(sl)/τa,l1(sl)
, sl < sl

/

tl2(s) )
τearly(sl) exp[Ueff,l2(sl)]

1 + exp[Ueff,l2(sl)]τearly(sl)/τa,l2(sl)
, sl > sl

/

(A17)

d(ln τ)
ds

) 2νs
Na

Ne(Φ)
(B1)

d(ln τ)
dy

) νΦ (B2)

Φ(y) ) ∫y

∞
dn φ(n)(1 - xy/n) (B3)

ln τ(y) ) ν ∫0

y
dy′ Φ(y′) )

ν ∫0

y
dy′ ∫y′

∞
dn φ(n)(1 - xy′/n) (B4)

ln τ(∞) ) ν ∫0

∞
dn ∫0

n
dy′ φ(n)(1 - xy′/n)

) ν ∫0

∞
dn φ(n)n/3

) νnj/3 (B5)

〈lnτ〉 ) ∫0

∞
dn φ(n) ln τ(n) (B6)

ln τ(n) ) ν ∫0

n
dy ∫y

∞
dn′φ(n′)(1 - xy′/n)

) ν ∫0

n
dn′ ∫0

n′
dyφ(n′)(1 - xy′/n) +

ν ∫n

∞
dn′ ∫0

n
dy φ(n′)(1 - xy′/n) (B7)
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Performing the integral over y gives

Adding and subtracting ∫n
∞ dn′ φ(n′)n′/3 gives

Averaging over the mass distribution gives the aver-
age log time

Now suppose that φ(n) is narrowly distributed about its
mean nj, so it makes sense to expand n and n′ about nj:
n ) nj + δn, n′ ) nj + δn′. Expanding the expression in
parentheses above and keeping terms to second order
in δn and δn′, we have

So now the average time is

The integral is now symmetric, so it can easily be
evaluated:

where ∆2 is the variance in n. We would have antici-
pated the minus sign above, because any average of ln
τ(n) must be less than the log terminal time ln τ(∞).
Furthermore, if the distribution is narrow so that the
expansion can be done, we can approximate φ(n) with a
Gaussian, in which case we would expect the first
correction to ln τ(nj) to be of order ∆2.

So far we have calculated the average log relaxation
time. We may instead be interested in the number
average of the relaxation time itself, or

The numerator is

If φ(n) is narrow, we can again expand n and n′ about
nj, so we have

Also, if φ(n) is narrow, (n - n′)2 is small (of order ∆2),
so we can expand the second exponential:

Since (n - n′)2 is already of O(∆2), we can replace
φ(n)/n with φ(n)/nj in the second term, which leads to

This is simply exp(〈ln τ〉) from eq B13, to first order in
∆2.

We have expressed polydispersity corrections in terms
of the variance ∆2 in the mass distribution of arms
φ(n), where the arm length n ) Na/Ne ) Ma/Me.
Polydispersity is more commonly described in terms of
the difference between the mass- and number-averaged
molecular weights: Mw/Mn ) 1 + ε where ε is small for
anionic polymerizations. In our notation,

so we can identify ε ) ∆2/nj2, where nj ) Mw/Me is the
mass averaged molecular weight in units of Me. In terms
of ε, eq B18 is

which gives corrections to first order in njε.
For anionic polymerizations, although ε is small it

may be that njε ) ∆2/nj is not small, so that the expansion
of the exponential in eq B17 is not valid. We can instead
evaluate the full integral in eq B16 using the method
of steepest descents. Assuming now that φ(n) is Gauss-
ian, φ(n) ) exp[-(n - nj)2/2∆2]/(x2π∆), we rewrite eq
B16 as

We can find the location of the peak in the integrand

ln τ(n) ) ν ∫0

n
dn′ φ(n′)n′/3 +

ν ∫n

∞
dn′ φ(n′)(n - 2

3
n3/2

n′1/2) (B8)

ln τ(n) ) νnj/3 + ν ∫n

∞
dn′φ(n′)(n - n′/3 - 2

3
n3/2

n′1/2)
(B9)

〈ln τ〉 ) νnj/3 + ν ∫0

∞
dnφ(n) ∫n

∞
dn′φ(n′) (n - n′/3 -

2
3

n3/2

n′1/2) (B10)

(n - n′/3 - 2
3

n3/2

n′1/2) ≈ - 1
4nj

(δn - δn′)2 )

- 1
4nj

(n - n′)2 (B11)

〈ln τ〉 ≈ νnj/3 - ν
4nj ∫0

∞
dn ∫n

∞
dn′φ(n)φ(n′)(n - n′)2

(B12)

〈ln τ〉 ≈ νnj/3 - ν
8nj

〈n2 - 2nn′ + n′2〉

) νnj/3 - ν
4nj

〈(n - 〈n〉)2〉

) νnj
3 (1 - 3∆2

4nj2) (B13)

〈τ〉 ) ∫0

∞
dn

φ(n)
n

elnτ(n)/∫0

∞
dn φ(n)/n (B14)

Num ) ∫0

∞
dn

φ(n)
n

exp[νnj/3 +

ν ∫n

∞
dn′φ(n′)(n - n′/3 - 2

3
n3/2

n′1/2)] (B15)

Num ≈ ∫0

∞
dn

φ(n)
n

exp[νnj/3 -

ν
4nj ∫n

∞
dn′ φ(n′)(n - n′)2] (B16)

Num ≈ ∫0

∞
dn

φ(n)
n

eνnj/3(1 -

ν
4nj ∫n

∞
dn′ φ(n′)(n - n′)2) (B17)

〈τ〉 ≈ eνnj/3(1 - ν∆2

4nj ) (B18)

Mw

Mn
)

∫ dn nφ(n)

∫ dn φ(n)/∫ dn
φ(n)

n

) nj1
nj (1 + ∆2

nj2) (B19)

〈τ〉 ≈ eνnj/3(1 - νnjε

4 ) (B20)

Num ≈ eνnj/3 ∫0

∞
dn exp[-

(n - nj)2

2∆2
- ln x2π∆ -

ln n - ν
4nj ∫n

∞
dn′φ(n′)(n - n′)2]

≡ eνnj/3 ∫0

∞
dn exp[f(n)] (B21)
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by differentiating f(n) with respect to n. The peak at n*
satisfies

The peak will be close to nj, so we expand n* ) nj + δn*
and keep the lowest order terms in δn*:

The integral can be evaluated since we have specified
the form of φ(n):

In the error function, we have assumed that δn*/(x2∆)
is small and have neglected terms of this order. From
eq B23, we now have to lowest order

so that

We see that δn*/(x2∆) is reasonably small, even for ∆2

) nj (ε ) 1/nj ) Me/Mw), so that the approximations made
are valid. Evaluating eq B21 in the same limit of small
δn*/(x2∆), we find

The denominator from eq B14 is of order 1/nj, so after
some rearrangement, we have

This result reduces to eq B18 in the limit that ∆2/nj is
small. The effect of a small amount of polydispersity in
a melt of arms in both cases (∆2 , nj and ∆2 ∼ nj) is
therefore to reduce the average arm relaxation time
below the relaxation time for the mean arm length.

2. Melt of Arms with an Immobile Volume Frac-
tion. We now consider the case relevant to melts of H
polymers, combs, etc., in which we have some fraction
φa of polydisperse arms and an immobile volume fraction
φb ) 1 - φa. The unrelaxed volume fraction of chains is
now

so that eq B4 becomes

The longest log relaxation time for the arms is now

where nmax is the longest arm in the melt. The first term
corresponds to effects of dynamic dilution among the
arms, whereas the second term gives the effect of arm
relaxation in the fixed part of the network (note that
the log terminal time for a single arm in a fixed network
is simply ln τmax ) νnmax). The only difference between
eq B30 and eq B4 is the last term, νφby, so the average
log arm relaxation time is now

If we set the immobile volume fraction to zero, φb ) 0,
we recover the previous result of eq B13; if we take φb
) 1 we obtain the result for dilute arms in a fixed
network, in which there is no dynamic dilution so that
all the arms relax independently and the average log
time is the same as the relaxation time of an arm with
the mean length.

The changes due to the immobile volume fraction in
the number-average of the relaxation time, 〈τ〉 in eq B14,
are nontrivial. As before, we first consider the case in
which the variance ∆2 of the arm distribution φ(n) is
quite small, ∆2 , nj (njε , 1). Including the immobile
volume fraction, eq B15 becomes

We follow the previous development for the melt of

0 ) - n* - nj
∆2

- 1
n*

- ν
2nj ∫n*

∞
dn′ φ(n′)(n* - n′) (B22)

0 ≈ - δn*
∆2

- 1
nj (1 - δn*

nj ) -

ν
2nj ∫nj+δn*

∞
dn′ φ(n′)(n* - n′) (B23)

- ν
2nj ∫nj+δn*

∞
dn′φ(n′)(n* - n′) )

- ν
2nj(12δn* - ∆

x2π
exp[-δn*2/2∆2] +

∆
x2π

exp[- nj2/2∆2] - 1
2

δn* erf( δn*
x2∆)) ≈

- ν
2nj(12δn* - ∆

x2π) (B24)

0 ≈ - δn*
∆2

- νδn*
4nj

+ ν∆

2x2πnj
(B25)

δn* ≈ ν∆3

2x2πnj( 1
1 + ν∆2/4nj) (B26)

Num ≈ eνnj/3ef(n*) x2π

xf′′(n*)

≈ eνnj/3( 1
x2π∆) 1

nj + (ν∆3/((2x2πnj)(1 + ν∆2/4nj)))
×

exp[-ν∆2

8nj
- ν2∆4

(8πnj2)(1 + ν∆2/4nj)] ×

x2π

x1/∆2 + ν/4nj - ν2∆2/((8πnj2)(1 + ν∆2/4nj))
. (B27)

〈τ〉 ≈ eνnj/3exp[-ν∆2

8nj (1 + ν∆2

πnj(1 + ν∆2/4nj))] ×

(1 + ν∆2

4nj
- ν2∆4

(8πnj2)(1 + ν∆2/4nj))-1/2

×

(1 - ν∆3

2x2πnj2(1 + ν∆2/4nj)) (B28)

Φ(y) ) φa ∫y

∞
dnφ(n)(1 - xy/n) + φb (B29)

ln τ(y) ) ν ∫0

y
dy′ Φ(y′) )

νφa ∫0

y
dy′ ∫y′

∞
dn φ(n)(1 - xy′/n) + νφb ∫0

y
dy′ (B30)

ln τmax(ymax) ) νφanj/3 + νφbymax ) νφanj/3 + νφbnmax
(B31)

〈ln τ〉 ≈ νφanj
3 (1 - 3∆2

4nj2) + νφbnj (B32)

Num ) ∫0

∞
dn

φ(n)
n

exp[νφanj/3 + νφbn +

νφa ∫n

∞
dn′φ(n′)(n - n′/3 - 2

3
n3/2

n′1/2)] (B33)
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arms. Expanding n ) nj + δn as before and keeping
lowest order terms in δn, we find

where we have expanded the exponentials in the second
line. The lowest order terms then give (note by definition
〈δn〉 ) 0)

This result reduces to eq B18 in the limit φb f 0. The
effect of the immobile volume fraction is to give a
polydispersity correction which increases the arm re-
laxation time; the motional narrowing due to dynamic
dilution only occurs for the arm fraction of the melt.

This result is only valid for ∆ , 1, so we again
consider the case in which ∆2/nj (i.e., njε) is not small.
We again assume that φ(n) is Gaussian; eq B21 is now

The νφbn term can be accommodated by shifting the
location of the peak in the Gaussian, giving

where nj ′ ) nj + νφb∆2. Differentiating f(n), the peak
position n* is determined from

We expand n* ) nj ′ + δn*:

The lower bound on the integral, n* ) nj + νφb∆2 + δn*,
is significantly larger than nj for ∆2 ∼ O(nj) as long as φb
is not too small. Since φ(n′) is still peaked around nj, we
expect the integral itself to be small in this limit.
Substituting the Gaussian form for φ(n′) we can simply
evaluate the integral:

where we have neglected small terms of order δn*/x2∆
as before, and we have taken erf(νφb∆/x2) f 1 for
large νφb∆/x2 in the last line. Note that by using this
approximation, we will no longer be able to take the φb
f 0 or ∆ small limits in the results. From eq B39, to
lowest order δn* is

To evaluate eq B37 we need f(n*) where n* ) nj + νφb∆2

+ δn*:

For large νφb∆, the integral is of order (∆3/nj) exp(-
ν2φb

2∆2/2), which is small so we neglect it. In the same
limit, f ′′(n*) ≈ -1/∆2. Thus, eq B37 is

Again the denominator from eq B14 to lowest order is
simply 1/nj, so the average arm relaxation time is

Thus, we find polydispersity leads to two main correc-
tions to the relaxation time of the mean arm length: it
decreases the average time by a term which is small
and proportional to the fraction of arms φa, but it
increases the average time by a larger amount which
depends on the immobile volume fraction φb. Because
of the approximations used in deriving eq B44 we cannot
take the φb f 0 limit, but comparing with eq B28 we
see the corrections are of the same order, the only
differences being in the terms of order unity. Neglecting
the factors of order unity, we can rewrite the leading
order term in eq B44 in terms of ε:

Num ≈ ∫0

∞
dn

φ(n)
n

exp[νφanj/3 + νφb(nj + δn) -

νφa

4nj ∫n

∞
dn′φ(n′)(n - n′)2]

≈ eνφanj/3eνφbnj ∫0

∞
dn

φ(n)
n

(1 + νφbδn +

ν2
φb

2δn2/2)(1 -
νφa

4nj ∫n

∞
dn′φ(n′)(n - n′)2) (B34)

〈τ〉 ≈ eνφanj/3 + νφbnj(1 -
νφa∆2

4nj
+ 1

2
ν2

φb
2∆2) (B35)

Num ≈ eνφanj/3 ∫0

∞
dn exp[-

(n - nj)2

2∆2
- ln x2π∆ -

ln n + νφbn -
νφa

4nj ∫n

∞
dn′φ(n′)(n - n′)2] (B36)

Num ≈ eνφanj/3eνφbnj+ν2φb
2∆2/2 ∫0

∞
dn exp[-

(n - nj ′)2

2∆2
-

lnx2π∆ - ln n -
νφa

4nj ∫n

∞
dn′φ(n′)(n - n′)2]

≡ eνφanj/3eνφbnj+ν2φb
2∆2/2 ∫0

∞
dn exp[f(n)] (B37)

0 ) - n* - nj ′
∆2

- 1
n*

-
νφa

2nj ∫n*

∞
dn′φ(n′)(n* - n′) (B38)

0 ≈ - δn*
∆2

- 1
nj ′ (1 - δn*

nj ′ ) -
νφa

2nj ∫n*

∞
dn′φ(n′)(nj ′ - n′)

(B39)

1
x2π∆

∫nj+νφb∆2+δn*

∞
dn′e-(n′-nj)2/2∆2

(nj + νφb∆2 + δn* -

n′) ) - ∆
x2π

e- νφb/2-δn*2/2∆2
+

νφb∆2 + δn*
2

-

1
2

[νφb∆2 + δn*] erf (νφb∆/x2 + δn*/x2∆)

≈ - ∆
x2π

e-νφb/2 (B40)

δn* ≈ νφa∆3

2x2πnj
e-νφb/2 (B41)

f(n*) ≈ -ln x2π∆ - ln(nj + νφb∆2 +
νφa∆3

2x2πnj
e-νφb/2) -

νφa

4nj ∫nj ′

∞
dn′φ(n′)(n - n′)2 -

ν2
φa

2∆4

16πnj2
e-νφb/2 (B42)

Num ≈ eνφanj/3eνφbnj+ν2φb
2∆2/2 1

x2π∆nj(1 + νφb∆2/nj)(1 -

νφa∆3e-νφb/2

2x2πnj2(1 + νφb∆2/nj)) exp[-
ν2

φa
2∆4

16πnj2
e-νφb/2] x2π∆

(B43)

〈τ〉 ≈ eνφanj/3eνφbnj+ν2φb
2∆2/2

exp[-
ν2

φa
2∆4

16πnj2
e-νφb/2]

1 + νφb∆2/nj
×

(1 - O(φa∆3

nj2 )) (B44)

Macromolecules, Vol. 35, No. 12, 2002 Three-Arm Asymmetric Star Polymer Melts 4819



For polydispersities typical of anionic polymerizations,
this can lead to significantly longer relaxation times for
melts with reasonably large immobile volume fractions
and long arms.

3. Effects of Polydispersity on G(t). We can
include the effects of polydispersity in the arms on G(t)
for H-polymers as follows. As shown above, the poly-
dispersity effects associated with the dynamically dilut-
ing part of the network are small, so we neglect them
and focus on the increase in relaxation time due to the
immobile volume fraction. This will give us an upper
bound on the size of the effects. For this situation,
because polydispersity has no effect on the Pearson-
Helfand potential for retraction in a fixed network, we
know from the Ball-McLeish equation that the function
ln τ(y) is still given by

for all y ) ns2 (polydispersity only affects the dynami-
cally diluted part of the potential, Ueff, which we are
ignoring here). We calculate the relaxation modulus
from

where Φ(y) is given in eq B29:

The first factor in the integrand in G(t) describes the
effects of dynamic dilution, so we will make no polydis-
persity corrections in this term. The function τ(y) is
given by eq B46. Thus, the polydispersity corrections
only enter into the second factor in the integrand, which
describes how much material is left unrelaxed at y. We
thus use the weight-averaged molecular weight in the
first factor, n ) nj, but keep the distribution in the
second factor in G:

where θ(y - nj) is a step function, ensuring that there
are only contributions for y e nj in the first factor. For
narrow φ(n) the inner integral is approximately

For a monodisperse system φ(n) ) δ(n - nj), and the
integral above is simply a step function. Thus, we can
calculate the correction to G(t) due to having some width
to φ(n) as

If we assume φ(n) to be Gaussian as before, we can
evaluate the inner integral explicitly to obtain

This result is used in the calculation of the H-polymer
spectra in Figure 12.
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〈τ〉 ≈ exp[νφanj/3] exp[νφbnj + ν2
φb

2nj2
ε/2] (B45)

ln τ(y) ) νφa(y - 2
3

y3/2

n1/2) + νφby (B46)

G(t) ) - ∫0

∞
dy∂G

∂Φ
∂Φ
∂y

e-t/τ(y) (B47)

Φ(y) ) φa ∫y

∞
dnφ(n)(1 - xy/n) + φb (B48)

G(t)

GN
0 (1 + R)

) ∫0

∞
dy [φa(1 - xy

nj) θ(y - nj) +

φb]R

φa ∫y

∞
dn φ(n) 1

xyn
e-t/τ(y) (B49)

∫y

∞
dnφ(n) 1

xyn
≈ 1

xynj
∫y

∞
dnφ(n) (B50)

δG(t)

GN
0 (1 + R)

) ∫0

∞
dy

φa

xynj
[φa(1 - xy

nj)θ(y - nj) + φb]R

× [∫y

∞
dn φ(n) - θ(y - nj)]e-t/τ(y) (B51)

δG(t)

GN
0 (1 + R)

) ∫0

∞
dy

φa

xynj
[φa(1 - xy

nj)θ(y - nj) + φb]R

× [12 - 1
2
erf(y - nj

x2∆ ) - θ(y - nj)]e-t/τ(y) (B52)
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